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Let % be a finite group and 8 a group of automorphisms of %. Clearly 8 
acts as a permutation group on 3 5 #, the set of nonidentity elements of >%. In 
[Z], Huppert classified all the above occurences in which 6 is solvable and 
acts transitively. In this case B is clearly an elementary Abelian q-group of 
order 4” and we can think of B as the additive group of the finite field GF(qn). 
Huppert showed that with few exceptions 8 C Y(pn) where the latter is the 
group of all linear functions on GF(q”) of the form x + UC(X), where a is a 
nonzero field element and o is a field automorphism. Let 5 = F(e) be the 
Fitting subgroup- of 6. I f  6 is transitive, then 5 being normal in 8 is half- 
transitive. 
It would be interesting to classify all solvable groups Q which act half- 
transitively on B#. These of course include the groups which act fixed-point- 
free (that is, semiregularly.) Since these latter groups have been extensively 
studied we concern ourselves mainly with the nonfixed-point-free case. The 
main result of this paper is a classification of those solvable groups 6 in 
which both 6 and F(6) act half-transitively. This condition is then more 
restrictive than 6 being half-transitive and less restrictive than 6 being 
transitive. The result is as follows. 
THEOREM. Let 8 be a solvable group of automorphisnu qf group 3. Suppose 
that both 8 and F(6) act half-transitively on %#. Then either 6 acts jked 
point-free on % OY % is an elementary Abe&an. q-group of order 9” for some 
prime q, and with suitable identifcatioll we hn;oe one of the follozvi~g. 
(i) 6 C Y(qn). 
(ii) q is a Fevmat prime, n = 2 and 6 is a group of order 4(q - I), 
(iii) qn = 3”, 5’, 72, 11s OY 34 and % S GL(n, 4). 
Examples of groups of type (iii) can be found in Pluppert’s paper [2] and 
additional ones in 131. The groups of type (ii) above are, of course, 2-groups. 
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Let @ be a generator of the multiplicative group of GF(q). Then 6 is generated 
by the matrices 
Note that these groups are not metacyclic, while subgroups of F(qn) are. 
Hence these do not fall in category (i). 
Our proof is based on results in [3] and some ideas in [2]. During the course 
of the proof we will obtain Huppert’s theorem. A knowledge of these transitive 
groups is crucial for the results of Section 3. 
1. THE PRIMITIVE CASE 
The following assumptions hold throughout this section. 
(i) 6 is an irreducible linear group of degree n over GF(q) 
(ii) % = (A) is a cyclic normal subgroup of 6 such that all irreducible 
constituents of X are similar. 
(iii) [ is an eigenvalue of A, GF(q)({) = GF(pr) and nz = n/r. 
We first prove a generalization of Huppert’s Hilfsatz 2. 
LEMMA 1.1. We caz identgy the vector space acted upon by 05 with the 
additive group of GF(q”) in such a way that 
(i) ,4(X) = 53, 
(ii) ;f G E ($5 then G(x) = aa where a E GF(q”)# and 01 is a semilinear 
transformation of GF(q”) as a vector space of dime&on m over GF(q7), 
(iii) G centralizes 2I $ and only if a! is a linear transfomzatiofz, 
(iv) KI/C(W) is cyclic of order dividing Y. 
Proof. Let O(X) be the characteristic polynomial of il. Then 6(x) = Ye 
where p is irreducible over GF(q). This follows since all irreducible consti- 
tuents of % are similar. Now 5 is a root of q~ and GF(q)(<) = GF(q’) so 9 has 
degree T. Hence w = n/r = m is an integer. 
Clearly q +’ /%I since 6 is irreducible. Let B be be the companion matrix of 
q. By complete reducibility and the fact that v is irreducible there exists a 
matrix P over GF(q) with 
P-l AP = diag (B, B ,..., B) = B. 
With suitable choice of basis, B is the matrix of the regular representation of 
< in GF(q”). Clearly we can identify the vector space with the additive group 
of GF(qn) in such a way that A(x) = 5x. 
HALF-TRANSITIVE AUTOMORPHISM GROUPS 28-7 
Now let G E 6 Since B is normal we have G.rlG-r = AU with u prime to 
\%I. From AsUG = GAS we obtain 
PG(x) = G(<%). 
With x: = 1 this becomes <““G( 1) = G(<“), and if a = G(1) we have 
5”‘” = a-‘G(c”). Hence a-lG(cS) G(x) = G({%). Set c@) = &G(x). Then 
a.(p) a(x) = a(&). 
Now 01 is linear, and since GF(q)([) = GF(gr), we see that 01 is a semilinear 
transformation of GF(qn) as a vector space over GF(gr). Since G(X) = an(~), 
the second result follows. 
The map from G(x) to the restriction of a(~) to GF@‘) is a homomorphism 
of 8 into Aut GI;(qr). Let R be the kernel. Then G E R if and only if a({) = j 
or G(5) = G(1)5. Th is is the case if and only if u = 1. Thus R = C(a) and 
6,/C(%) is isomorphic to a subgroup of Aut GF@r). This completes the proof. 
We assume in the remainder of this section that 6 is represented as above. 
The following result illustrates some techniques which we generalize later. 
PROPOSITXON 1.2. Let 6 be an irreducible linear group of degree 12 over 
GF(q). Let % be a normal cyclic self-ce&ralizing subgroup of 6 such that al! its 
irreducible constituents aye similar. If there exists a prime p with p j ! Ei, j for 
all x, the71 8 C Y(qn). 
Proof. Since ‘LL is self centralizing we see by Lemma 1.1 that %ij% is 
cyclic. Let G be an element of order p in 6x . We see that G(x) = a(z). Set 
$5 = (2, 6). Since % acts fixed-point-free, we see that .sjla is the unique 
subgroup of order p of %/a. 
Let zu E GF(q”). Since pl 1 6,lU / we see that \ sj n 8, / = p. Thus there 
exists B E %I with BG E 8,, . Say B(x) = v  with q E GF(q’). Then 
w = BG(w) = rl&$ 
so E(W) E GF(q’)w and we write o(w) = yww with qlu E GF(q’). 
Suppose m 3 2. If  v  and w are elements of GF(q”) which are linearly 
independent over GF(q’), then 
-I/,+, - (3 + w) = cl(v + w) = a(v) + a(w) = ~& + ?)&L 
Hence 7 2) = %+u~ - ?llJ and we see that 01(x) = ??1~ for all x, Since 
G E Or , a(l) = 1 and c@) = x for all X. This contradicts the fact that G f  1. 
Hence m = 1 and every semilinear transformation is just a field auto- 
morphism. Thus the result follows 
LEMMA 1.3. Let p be a prime and suppose that for all x E GF(qn) we haoe 
p 1 / 8, /. Consider those subgroups BJX of Ci5/% of order p for which there 
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exists x + 0 with 23, CI 8, i(1). S pp ?I ose that A, of the Bi are contained irz 
C(B) and A, aye not. Then we have 
Proof. We can write bi = (%,G$ where Gi has order p and G,(w,) = zci 
for some wi # 0. Write G&V) = a&x) and set 
Yi = {w E GF(q”)# 1 oli(w) E GF(qr)ai-lw}. 
We show first that GF(q”)# = uiYi . Let w E GF(q”)#. Since p] 1 6,1, 
there exists b( with Bi n CCi, > (1). Thus there exists B E ?I with BG, E 0,. 
Suppose B(x) = TX with 17 E GF(qr). Then 
w = BG,(w) = qaic+(w), 
and hence w E Pi . This yields 
We now bound 1 S$j. Given a E GF(p)# and 01 a semilinear transformation 
with associated field automorphism (T. Again set 
Y = {w E GF(p)# 1 ct(zu) E GF(qr)a-lw). 
Let 9 generate a t-dimensional subspace of GF(qn) over GF(q+) and let 
yr , ys ,..., yt be a basis from 9’. Say a(yi) = a-rciyi with ci E GF(qT)#. Let 
y  = xi biyi with ba E GF(q’). Then 
a(y) = C biua-lciy, . 
z 
Thus a(y) = a-Icy for some c E GF(pr) if and only if for all i, biDcd = cbi . 
There are two cases to consider according to whether u = 1 or not. 
Suppose first a = 1. The above equation becomes bici = cbi and hence 
if b( # 0 the c = ci . Let the cg’s group into sets of equality of size t, , t, ,..., tk. 
Then we have 
t, + t, + --* + t, = t, 
and clearly 
1 9 1 = (qrtl 7 1) + (prtp - 1) + *** + (qT” - 1). 
It is easy to see that if say 1 < t, < t, and we replace tr by tr’ = t, - 1 and 
t, by t,’ = t, + 1 that the above right-hand side goes up. Hence 
1 9’ 1 < (qTt - 1) or if we knowthat K > 2 then 
1 ,Y 1 < (qT - 1) + (q’(t--1) - 1.). 
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Let t < 112. Using the above we have [ Y 1 < qri+i) - 1. Now let t = m. 
If K = 1 then 01(x) = c,x for all x. But then G(x) = CZCX(X) = ac,x is either 
the identity or it fixes no element of GF(p*)#. Since Gz(wij = wa , we have 
K > 2. Hence / 9’ j < (qr - 1) + (qr(+ij - 1). This bound being the 
larger of the two holds in all cases where CT = 1 or equivalently where 
G E C(B). 
Now let u # 1, Since G has order p, 0 has order p. The map 6 -+ b/6 is 
an endormphism of GF(qr)#. The kernel is clearly GF(q”“j# and the image 
3 satisfies ] 3 1 = (qr - l)/(q’l” - 1). N ote that if b,: # 0 then 6& = c& 
implies that c and ci are in the same coset of 3. Suppose that t3 of the Q’S fall 
in the jth coset of 3. Then we have 
t, + t, + a*’ + t, = t. 
Let c belong to the ith coset. Then there are ( 3 j = (@ - lj/(@‘” - 1) 
possibilities for c. Once c is chosen we see that bi = 0 unless ci is in thejth 
coset. If ci is in the jth coset we have either bi = 0 or 6p/hi = c/ci E 3 and 
hence b, is in a fixed coset of the kernel of the endomorphism b -+ P/b. Hence 
there are qT!9 possibilities for each of these bi . Eliminating y = 0 we have 
1 y 1 = (pi-/” - 1) 
(q’ - I) ((qrt,/D - 1) + (q%/P - 1) + .*- + (QW” - Qj. 
As in the previous case we set that the largest value occurs with K = 1. Since 
t < m this yields 
[ Y 1 < (qr - l)(q~m/~ - l)/(f’P - 1). 
This bound holds for those Gi with CJ$ # 1 or equivalently with Gi E C(%j. 
Putting these bounds together yields 
(4’” - 1) < T j Yi ) < h&q’ - 1) + (qr’m-1) - I> 
+ X,(q* - l)(q7mlp - l)/(qT/P - 1). 
We divide this through by (qT - I), note that n = mr, and we obtain Eq. (*); 
Thus the result follows. 
We now convert (*) into more usable forms 
LEMMA 1.4. Given the assumptions of Lemma 1.3. If  nz = 2 we have 
and if m > 2 we have 
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Proof. With m = 2, Eq. (*) and (a+) are identical. Now let m > 2. We 
have 
4 r(m-l) < (4”’ - l)/(q’ - I), 
1 + (qen-1) - l)/(*P - 1) < 2p-a, 
and 
(pm - l)/(p" - 1) < 24rh-l)iP < 2pn-2'. 
Note that the last inequality required YIZ > 2. Substituting these in (*) yields 
qT(rn-1) < 2h, pm-2) + 24 pn-e,, 
and the result follows. 
We assume for the remainder of this section that 6 is a solvable irreducible 
linear group with F(s) = B x 8, where Q is the quaternion group of order 
8 and 8 is cyclic of odd order. Let % be the center of F(B). Before we consider 
detailed computations we first notice the following qualitative result. 
LEMhlA 1.5. Let p be a prime and suppose that for all x E GF(q”) we have 
p [ ( 6, !. Then either 6 C 5(q”) OT p = 2 or 3 azd 6 is one of a jinite ~&WY 
of linear groups. 
Proof. I f  m = 1 then 8 C Y(q”) by Lemma 1.1. Let m > 2. Since Q is 
solvable C(F(E)) = Z(F(%)) = ‘8 ([5J, Theorem 7.4.7). Hence S/$X is 
contained isomorphically in S/C(%) x @?/C(U). By Lemma 1.1, @/C(%) is 
cyclic of order dividing r and o/C(n) is a subgroup of Aut D N zt, the 
symmetric group of degree 4 and order 24. 
If  p # 2 or 3, then hr = 0, X, < 1 and both (w) and (w*) are violated. 
Hence p = 2 or 3. Since O/C@) is cyclic we have an absolute bound for h, 
and X,. Thus (M) and (Y;w) yield a bound for qT and hence for 4 and Y. 
Since]\211 jq’-1, we see that there are only a finite number of possibilities 
for ) Q /. Finally, there are only a finite number of 4 and, since 8 acts irre- 
ducibly, the result follows. 
We now discuss the exceptions in more detail. Thus we assume that for 
all x: E GI;(qn) we have p 1 1 8, I. &I oreover, m > 2 and p = 2 or 3. It is con- 
venient to consider four separate cases. Let us note that since 8 is irreducible 
and QAO5 we must have 4 > 2 and F(E) acts fixed-point-free. 
LEMMA 1.6. Letp = 3 a?zd 3 -Y [6 : C(,X)]. Then P = 1 and 6 C GL(2,3) 
or GL(2,7). 
Proof. Since 3 f  [S : C(‘%?l)], we have clearly hr < 4 and X, = 0. Both 
Eq. (M) and (*c*) yield q’ < 7. Hence 4 = 3, 5 or 7 and r = 1 and, 
therefore, ‘u is central in (Ij. Let D, and .&, be two subgroups of 8 of order 3. 
Suppose Di fixes subspace & of GF(q”). I f  %r n & + (01, then B = <& , &> 
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fixes %, n YJ~. By the nature of 6 we see that if 8, + 2s then Z! n F(B) # {l> 
and we have a contradiction since F(B) acts fixed-point-free. Thus 
‘%i n %a = (0). Say j ‘%$I = q”i. This yields s1 + s, < 1~. 
Let Q = 3 or 5. Then 3 7 1 ‘u 1 so 8 has four subgroups of order 3 and, 
being Sylow subgroups, they are conjugate. Hence they all fix subspaces of 
size 4s for some s < n/2. Since every element of GF(qn) is in one of these we 
have q’” < 4qlxf” and thus q = 3, z = 2 and 0 C GL(2,3). 
Now let 9 = 7, Here 1 X 1 = 2 or 6 so 0, has at most 12 subgroups of order 
3 not counting the subgroup of ?I. Again, since any such Qi has a distinct 
conjugate, we see that each & fixes a subspace of dimension s; < zj2. Then 
a” < 12qn@ and 7*/a < 12. Since IE > 2 we have 11 = 2 and 6 C GL(2,7). 1 
LEMMA 1.7. Suppose for all x E GF(q”)# that 3 Y I 8, /. Let p = 2 and 
2 T [6 : C(3)]. Then r = 1 ad 6 C GL(2, 11). 
Proof. Since 2 f [% : C(g)], we see that C(X) contains all Sylow 2-sub- 
groups of 8. Now C(a)/?? is isomorphic to a subgroup of YQ The Sylow 
2-subgroups of p4 are dihedral of order 8 and each contains five involutions. 
However, three of these correspond to the elements of F(Q)/% and hence 
cannot have fixed points. Thus each of the at most three Sylow 2-subgroups 
contribute two subgroups to a count of h, . Hence X, < 6 and h, = 0. Equa- 
tions (+*) and (~4) both yield q’ < 11. This yields I’ = 1, q = 3,5,7, or 11 
or 7 = 2, 4 = 3. We assume first that r = 1 and hence Ox is central in 6. 
Now since ‘II is central and ?;1 is the maximal normal 2-subgroup of 6, we 
see that [8 : F(B)] = 6. Since IF(@) acts fixed-point-free we see that for 
N 1 0, 1 ez j 16. But 3 T / &. j so / 8, / = 2. Thus Lemma 6 of [3] applies 
and we see that n is even and 1 I 1 = 1 + qnie where I is the set of noncentral 
involutions of 8. 
We should note here that the proof of Lemma 6 of [3J requires the addi- 
tional assumption that the half-transitive group contain a nonidentity 
central involution. We will always be careful to apply this lemma only in 
that context. 
Since B is central, Ki has precisely three Sylow 2-subgroups and any two 
of these intersect in 8. Let one of these be 2. If L! has t involutions not 
counting the one in U, we see that 
1 f q?Z’Z = 1 I 1 = 3t. 
Now each involution of L! maps into a subgroup of order 2 of ,$$/a’ which can 
have a fixed point. Since any group of type (2,2) containing Q’ yields two 
new involutions we obtain t < 4. Thus 1 + qnla = 3,6,9 or 12 and we have 
n=2andq=5orll.Ifq=llwehave(li~GL(2,11). 
Let q = 5 SO 6 C GL(2, 5). Now GL(2, 5)/SL(2, 5) is cyclic of order 4 and 
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SL(2,5) n Q is normal in 6. Hence 5X(2, 5) n Q = Q and Q C SL(2, 5). 
From order considerations Q is a Sylow 2-subgroup of SL(2, 5). Let 0 E GF(5) 
be an element of order 4 and set 2 = diag (0,e). Then 2 is central in GL(2, 5) 
so 5 = (J&Z) is a 2-group. Clearly 2 g 2 since otherwise 2 E F(e). Also 
.Z2 E SL(2,5) so S/(2 n SL(2,5)) = e/Q is Abelian of type (2,2) and this 
contradicts the fact that GL(2, 5)/SL(2, 5) is cyclic. Hence q # 5. 
Now suppose r = 2, q = 3. Then 1 ‘% 1 [3” - 1. Since 1 ‘?t 1 is twice an odd 
number we get 1 (a ) = 2 and by definition r = 1, a contradiction. 
LEMMA 1.8. Let p = 3 and 31 [a : C(%)]. Then 6 does not act half- 
transitively on GF(qll)#. 
Proof. Since 31 [S : C(%)J we have 3/r. From the nature of clj/!X it is easy 
to see that h, < 4 and X, < 9. If  in. > 2 then (***) yields qr < 26, a con- 
traduction since r 3 3. If  m = 2 then (c*) yields q’ + 1 < 8 + 9(qrj3 + 1). 
This yields easily qrf8 < 4 so q = 3, Y = 3, m = 2. 
Let 5 = C(X). Clearly F(5) = F(Q). Since 31 [@ : $1 and [@ : $1 13, 
we have [O : fi] = 3 and, of course, .$A@. I f  3 +’ 1 $ 1 then we have 
A1 = 0, ha = 1, a contradiction. Let 2 be a Sylow 3-subgroup of 6. Since 
q = 3 we see that there exists x # 0 with 2 _C 6, . I f  8 is half-transitive 
then for all x we have 9 [ 1 0, I. This implies that, for all x, 3 1 ] 5, 1. 
Now any irreducible F(E) subspace of dimension K would have 3 j k since 
r = 3 and 2 ( K since Q C F(o). Hence 6 / K and K = n = rnz. Thus F(G) 
and hence $j is irreducible. But by Lemma 1.6 applied to & we would have 
Y = 1. Thus this situation does not occur. 
LEMMA 1.9. Suppose for all x E GF(q”)# that 3 f ) 8, j. Let p = 2 and 
2 1 [Q : C(g)]. Tkela (r, does not exist. 
Proof. We assume first that 3 T [C(v) : ‘%I. This implies easily that C(g) is 
a normal nilpotent subgroup of 6 and hence C(%) = F(E). This yields 
X, = 0 and h, < 4. ‘Hence (**) and (**c) yield m = 2, q = 3, Y = 2. This 
follows since 2 1 [Q : C(X)] implies 2 1 Y. Now 1 B j 1 qr - 1 and 1 % / is 
twice an odd number. Thus 1 Yf j = 2 and % is central, a contradiction. 
Therefore 3 j [C(s) : %.‘J. S ince 3 { 1 Q, 1 for all x E GF(q”)# this implies that 
q f 3. 
Now @j/% is isomorphic to a subgroup of 9, x 3 where S is cyclic. With 
thiswe see easily that h, < 6 and X, < 10. If  m > 2 then (MC) yields qr < 32 
and q = 5, r = 2. However, a simple check which we delete shows that 
Eq. (*) is not satisfied in this case. Thus m = 2 and Eq. (++) yields 
qr + 1 < 12 + 10(qr’2 + 1) or q/2 < 12. Since 2 1 Y we have Y = 2 and 
q = 5,7 or 1 I. Now U is not central in 6. Write II = U, x %, where 
I%,1 14--1~l’u2I lq+l and 1 ‘u, / is odd. Clearly %r is central in 8 and 
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hence “J, =# (11. If  q = 7 we see that no such 3, exists, a contradiction. 
If  q = 5 or 11 we see that j 2& [ = 3. Hence since 3 1 [C(X) : %I we see 
that 9 1 / Q /. Let 2 be a Sylow 3-subgroup of 8. Thus 9 I[ 2 1 and by 
assumption 2 acts fixed-point-free and is therefore cyclic. Thus 1 I! / 1 q” - 1, 
Since Y = 2, wz = 2 we have 9 j(4’ - 1 j(q2 + l), a contradiction for q = 5 or 
11. This completes the proof. 
We now combine the results of the last five lemmas and we obtain the 
following. 
PROPOSITION 1.10. Let 6 be an irreducible linear group oj degree n over 
GF(q) d PP an su ose that 6 acts half-transitively on the nonzero vectors. Let 
F(s) = D x 8, where a is the quaternion group of order 8 and B is cyclic of 
odd order. If all the irreducible constituents of % -= Z(F(Q))&re similar, then 
we h.ave one of the following. 
(i) If, acts fixed-point-free, 
(ii) Q C Y(q”), or 
(iii) q = 3,7 or 11 and 6 C GL(2, q). 
2. TRANSITIVE GROUPS 
Every normal subgroup of a transitive permutation group is half-transitive. 
For half-transitive groups we have only the following. 
LEMMA 2.1. Let 6 be a half-transitive permutation group and let WI& 
Suppose also that 91 acts half-transitively. Let 8 3 93 3_ !R where %,@I is a 
normal Hall m-subgroup of 6/R Then B acts half-transitively. 
Proof. Let / 6 / rr denote the z part of the order of 0. Given points x and 
3~ we have j 8, / = / oi, I and j 9’t, I = 1 !RLIJ j. Since S/% is a normal 
Hall -rr-subgroup we have [Bn8,:mns,l=I~;le:~~~~?i and 
[‘B n 8., : % n S,} = [8, : %,J a. Hence 1% n 6& / = j 23 n $, ! . 
LEMMA 2.2 Let 6 be a solvable half-transitive linear group of degree n oz’er 
GF(q). Suppose that F(s) also acts half-transitively on the ~OCXYO vectors. Then 
6 satisfies one of tlze following. 
(i) 6 has a characteristic self-centralizing cyclic subgroup %. 
(ii) F(s) = Q x 113 where D is the quaternion group of order 8 and B is 
cyclic of odd order. 
(iii) &? C GL(2,5) with ] 8 j = 16, 48, or 96 and 01, cyclic of order 2,2 or 
4 respectively. 
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(iv) 0 C GL(4,3) with 1 6 1 = 32, 160, 320 OY 640 and EjB cyclic of order 
2, 2, 4, OY 8, respectively, or 
(v) q  > 3 is a Feymat prime, 6 _C GL(2, q) with 1 (3 1 = 4(q - 1) and 6 
does not act transitively. 
Proof. Let 5 = F(B) and let 5, denote its Sylow p-subgroup. Since 5 
acts half-transitively we see by Lemma 2.1 that 5, acts half-transitively. We 
can now apply Theorem II of [3]. This yields 5, cyclic ifp > 2 and sf is one 
of a number of possibilities which we consider in turn. Note that 3 = & x !B 
where b is cyclic of odd order. 
I f  & is cyclic then ‘u = 5 is a characteristic self-centralizing cyclic sub- 
group of 6 and we have (i). Suppose & is dihedral, semidihedral or suppose 
ga is generalizedquaternion of order > 16. Then sa has a characteristic cyclic 
subgroup L! of index 2. Since 5s has 2 generators this implies (Theorem 
7.3.12 of [.5]) that Aut 5s is a 2-group. Set ‘21 = 2 x 8. Then % is a charac- 
teristic cyclic subgroup of 6. Since C(F(@)) _C F(B) we see that C(S)/Z(@ 
acts faithfully on & . Hence this quotient is a 2-group and we see that C(S) 
is a normal nilpotent subgroup of 6. Hence C(b) = 5 and thus clearly 
C(%) = 8. Therefore we have (i) again. If  3s is the quaternion group of 
order 8 we have (ii). 
Let 3s = D be a group of type (ii) in Theorem II of [3]. Then 
3J -gp(X, I’, 2 [ X”” = 1, y” = 1,Z” = 1, Y-1XY = x, WY2 = yxarn-l, 
Z-1X2 = X-l> and 4 = 2” + 1 is a Fermat prime. If  4 = 3 then 3 is 
dihedral, a case already considered. Thus we assume Q > 3. Also by Theorem 
II, n = 2 and 3 is irreducible. This implies that C(D) is cyclic. Also C(D) 
cannot be irreducible since 3 is non-Abelian. Now C(D)d6 and hence C(T) 
is completely reducible and we see that C(D) is composed of scalar matrices. 
Since p is a Fermat prime, C(B) is a 2-group and hence C(a) C D. Thus 
D = F(B). We show now that for q > 5, Aut D is a 2-group. Now 
JD] =4(p-l),IZ(B)l =4andDh as an abelian subgroup E = (X, Y> 
of index 2. If  2, had a second such subgroup (E, then lJ = El and 
(If n R = Z(53). s ince [a : Z(D)] = q - 1 we see for q > 5 that (.E is charac- 
teristic in D. Let !B be a group of automorphisms of T, of odd order. Then ‘%B 
acts on Q,(E) a group of type (2,2). Since 2B must act on Q,(E) n Z( 3) a group 
of order 2, we see that %B fixes G@). Now tE is generated by two elements, one 
of order 2. Thus we see that !JB iixes the Frattini quotient of E and hence D 
centralizes E. Finally D/@(D) is Abelian of type (2, 2,2) and EJ centralizes 
E/@(D) a subgroup of type (2,2). Hence ‘%3 fixes the Frattini quotient of 
D and m = (1). For q > 5 we see that @/C(D) is a 2-group and since C(D) is 
a 2-group we have 0 = 3. Since 3 does not act fixed-point-free we have 
] Q, 1 > 2 and hence the orbit sizes are at most 4(q - 1)/2 < (ps - 1). 
Therefore oj does not act transitively and we have case (v). I f  4 = 5 then 3 
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is easily seen to be the product of the quaternion group of order 8 with a 
cyclic group of order 4 in which the subgroups of order 2 are identified. If  ‘%I! 
is a group of automorphisms of r! of odd order we get clearly j ‘%B / = 1 or 3. 
Thus if % f  D then @!D being solvable contains a normal subgroup of order 
3. Since this subgroup will be self centralizing we have i S/Q ! = 3 or 6. 
Thus here 8 C GL(2,5) and / 8 1 = 16, 48, or 96. Since 1 6 j is prime to 9 
we see that the subgroup of (li, fixing one vector can be represented by 
matrices of the form diag (1, a) with a E GF(5)X. Hence OS,, is cyclic of order 2 
or 4 and we get Case (iii) easily. 
Now let & = D be either of the two groups of type (iii) in Theorem II of 
[3]. Then II = 4, Q = 3 and D is irreducible. Hence C(B) is cyclic and 
reducible. Since Q is irreducible and C(D)d 8 we see that C( 3) is isomorphic 
to a subgroup of GL(2, 3), a group of order 48. Clearly 3 r IC(D) j since 4 = 3. 
Hence C(D) is a 2-group and C(D) C 3,. Thus 3 = F(Q). If  a is the first 
type (iii) group then D is isomorphic to the group ‘D considered in the previous 
paragraph but with 2”’ = 8. Hence we see that Aut 3 is a 2-group. Thus 
6 = 3 and we have case (iv). 
We suppose finally that 3 is the second type (ii) group so that 3 is the 
central product of the dihedral and quaternion groups of order 8. Let !D3 be a 
group of automorphisms of 3 of odd order. We show first that ( % 1 = 1,3, or 
5. Now 1 B/@(D) 1 = 2a and 2) has ten noncentral involutions. Let B be a 
Sylow p-subgroup of ‘B. If  p = 5 then 1 % / = 1 or 5 since 1 GI,(4,2) I5 = 5. 
Let p f  5. Now b permutes the 5 elements of B/@(B) corresponding to the 
ten noncentral involutions of 3. Hence 8 fixes at least two of these. Ey 
complete reducibility !!3 is isomorphic to a subgroup of GL(2,2) and thus 
I?31 = lor3.Thus($Dj =1,3,5orl5.Ifjml = 15thenasiswelllrnown 
W is cyclic. This implies that its Sylom 5-subgroup acts on the space of fixed 
points of its Sylow 3-subgroup, a contradiction since the former group is 
irreducible on D/@(D). 
If  Q > D then 0,) (E/B) = B/B > (1). Hence since C(a) c D we have 
1 %jD ( = 3 or 5. Since !?3/% contains its centralizer in %,/a we see that if 
1 B/D / = 3 then I E/B ( = 1 or 2 and if ( B/D ( = 5 then Q/S is cyclic of 
order 1, 2, or 4. We show that j B/B ! = 3 cannot occur. I f  it did then by 
Lemma 2.1, 8 would act half-transitively. Let (a) and <B> be two distinct 
subgroups of b of order 3. Since (A) cannot act fixed-point-free on a vector 
space over GF(3), we see that A fixes a subspace of dimension ?iz with 
4 > 1~1 > 1. Since (B) is conjugate to {A), (B) also fixes a subspace of 
dimension M. If  A, B E 8, for some x f  0, then 8,3_ (A, B) and j Ex 1 > 12. 
This cannot occur since j 8, n D j = 2. Thus by half transitivity 
(3” - l)/(3)‘” - 1) = t is equal to the number of Sylow 3-subgroups of 9, 
Thus t = 4, a contradiction. 
Therefore j a/D I = 5. This case does occur (see [2], p. 127) and me 
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need only show here that (fi, is cyclic. A direct approach to this appears to 
involve a close look at Aut 2). We avoid this by first showing that the groups 
Q which occur here are essentially unique and then looking at concrete 
examples. First, XJ has precisely one nonlinear irreducible representation and 
this is faithful and has degree 4. Thus the injection 3 _C GL(4,3) is unique to 
within conjugation in GL(4,3). F’ IX any such injection. Now 1 GL(4,3) I5 = 5 
and 5 1 1 N(a) 1 [normalizer in GL(4,3)] so s/a is a Sylow 5-subgroup of 
N(D)/%. Hence the injection b _C GL(4,3) is also unique to within conjuga- 
tion. With fixed B set 5 = N(B). Since elements of order 5 in GL(4,3) act 
fixed point free, we have for x # 0, b, = 3% and hence ( %,I = 2. Thus 
[8 : $,I = 5.16 = 34 - 1 so 8 and hence 5 acts transitively. Now 
O,(B) > 3 and since O&j) is normal in 5, it is half-transitive. Thus by 
Theorem II of [3], 3 = O,(sj). Th is implies, as we showed above, that 
C,(D) _C D. Also 0,($/D) = (I}. Let m/D be a subgroup of odd order of 
s/D with m > b. Then a complement for D in P3 is a group of automorphisms 
of D of odd order and as we have shown above since 5 ( [m : a] we have 
[! : a] = 5 and m = 9. This implies that ?23/D = O,, (a/D) and also that 
%/a is self-centralizing in $$D. Therefore [5 : b] < 4. An example of a 
group $, C GL(4,3) with %Ul&, and [& : 81 = 4 is given in [2] (p. 127) and 
thus .sj = &i . In this group the generator G has order 8 and has a nonzero 
fixed point y. Thus 5, contains a cyclic subgroup of order 8. But it is easy to 
see that ] &, 1 = 8 and hence 5, is cyclic. Since 3 is transitive, if x f  0 then 
5, is conjugate to sV and hence 5, is cyclic for all x. Finally we are given 
o C GL(4, 3) and !&l&i. Hence 6 _C .sj and 8, C 5, and the result follows. 
This completes the proof of the lemma. 
LEMMA 2.3. Let 6 be a solvable transitive linear group of degree n over 
GF(q). Suppose that F(6) = Q x 8 where Q is the quaternzim group of 
order 8 and B is cyclic of odd order. Then 6 satisfies one of the following. 
(i) 8 C GL(2,3) I 6, I = 1, 3 or 6, 
(ii) Q, _C GL(2,5) 1 6, 1 = 1, 
(iii) (Ij C GL(2,7) 1 8, I = 1 or 3, 
(iv) @i C GL(2,ll) 1 &ii, / = 1 or 2, or 
(v) 0 C GL(2,23) j 6% ( = 1. 
Proof. Let @ = C(Q). Then &lE, and hence % acts half-transitively. 
Since Q is non-Abelian, E cannot be irreducible. Thus by Theorem I of 
[3], % acts fixed-point-free. Since the faithful irreducible representation of 
D has degree 2, we see that n is even. Say n = 2m. Since E acts fixed-point- 
free but not irreducibly we have 1 CZ I < qm - 1. Now @j/E is isomorphic to 
a subgroup of Aut Q, a group of order 24. Thus j Q I < 24(qm’- 1). Since 6 
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acts transitively we have ) Q 1 > 9 Pm - 1 and hence 24 > 4” + 1. If  .WZ f k, 
then nz = 2 and g = 3. In this case / E ( < 8. Now 2 j [ is: j and 3 +’ ! F / 
since E acts fixed-point-free and 4 = 3. Hence E is a 2-group and j E 1 = 2. 
This yields 48 = 24 1 E j > j 6 j > 3* - 1, a contradiction, Thus an = 1, 
0 is central in Q and 23 > 4. 
Let j c4 1 = (4 -- 1)/r so that P j (4 - 1)/2. We see that F(G) = DE acts 
fixed-point-free. Hence if b = j 8, 1, then b / a where a = [8 : Q&Z] is a 
divisor of 6. This yields q” - I = [EJ : @jr] = 4(ajb)(q - I)$ and 
q + 1 = 4(ajb)/r. Suppose that q = 1 mod 4. Since (q - 1)~ is twice an odd 
number we see that 2 1 r. Hence q + 1 < 12 and q = 5. This yields r = 2 
and n,lb = 3. Thus either n = 6, b = 2 or a = 3, b = 1. As in the proof of 
Lemma 1.7, we see that if Q is not a Sylow 2-subgroup of 6, then O,(s) > 2. 
Hence the possibility a = 6, b = 2 is excluded here. This is case (ii). 
We need only consider q = 3 mod 4. Since q < 23 this yields q = 3,7, 1 i , 
19 and 23. If  9 = 3 then Y = 1 and a = b = 6,3, or 1. Note that a # 2 
since otherwise 0, would be nilpotent with O,(E) f  Q. If  q = 7, then 
I I(7 - 1)/2. I f  Y = 1, we have b = 3, a = 6, and if Y = 3 then b = 1, a = 6, 
Letq = ll.Thenr = landeitherb = 1,~ = 3orb =2,a = 6.Ifp = 19 
then 5~ = a/b, a contradiction. Finally if q = 23, then I’ = 1, b = 1, a = 6. 
This completes the proof. 
THEOREM I (Huppert). Let 6 be a solvable group of uutornorphisrns of 
group 113 afzd suppose that 6 acts transitively on ‘!W. Then % is an elementary 
Abelian q-group of order qfl fm some prime q and with suitable identzjkation me 
huve one of the following. 
(i) 8 C F(qn) or 
(ii) qn = 32, 5?, 72, 112, 23” OY 3” and &? is a suitable subgroup of GL(n, 4) 
Proof. Clearly % is elementary Abelian. Since 6 is transitive, both Q and 
F(e) are half-transitive and Lemma 2.2 applies. If  07 is case (iii), (iv), or 
(v) of that lemma, the result follows. If  6 is case (ii) the result follows from 
Lemma 2.3. Thus we can assume that 6 has a normal self-centralizing cyclic 
subgroup ‘u. Let 1 % j L= u so that j s/a / < j Aut % 1 < a and hence 
j (r, j < a’. Since 8 acts transitively, 1 8 / > q” - 1. I f  X were not irreducible, 
then a < qni8 - 1, which is not the case. Thus % is irreducible and the 
result follows from Lemma 1.1. 
We will have need for the following result in the next section. It has 
essentially been proven above and in the quoted lemmas. 
LEMMA 2.4. Let 01, be a solvable transitive linear group. Then for all x + 0 
either 8, is cyclic OY / && ] = 6. 
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3. THE hPRIMITIVE C.4SE 
The following assumptions hold throughout this section. 
(i) 0, is a solvable irreducible linear group of degree n over GE’(q). 
(ii) (5 acts half-transitively but not fixed-point-free. 
(iii) 5 is a normal subgroup of (5 of prime index Y such that the representa- 
tion of 8 is induced from $5. Thus if 8 acts on vector space %J then 
23 = sjl + B3, + *-* -i- Z$. where 5 acts on each & and Q/B permutes the 
Bu; in a cyclic manner. We let Ri denote the kernel of the action of J3 on !& . 
LEMMA 3.1. Given the above; then T = 2 and $/Ri acts transitively on T$#. 
Proof. Suppose r > 3. Let x E %r# and y  E gag. Then clearly (zi, , (Ij,, 
and Oz+y are contained in 8. Hence 8,+, _C 8, and Ei,+, C 8,. Since these 
groups all have the same order we obtain (li, = 8,+, = 8, . By varying y  we 
see that 8, centralizes !&, and similarly (5x centralizes ‘& r %a q .** q &. 
By varying x we see that EY centralizes 5?3r . Since Gi, 1 Ej!, , (li, centralizes 
% and hence ei, = {I). Since (ij is half-transitive it acts fixed-point free, a 
contradiction. Thus Y = 2. 
Let 7 = 2 and let G be a fixed element of (5 - &. We have %,A$, RIG = R, 
and 41, n R, = {l}. Let x: E Y$#. Clearly 8, C 9. Thus we see that .$j/& 
acts half-transitively on %J#. Now let x E &#. If  8, centralizes .8a we would 
have 52, > (li, 2 R, , and since 52, n R, = (11, this would yield Q = {l}, a 
contradiction. Thus, say 05% centralizes !-&, a proper subspace of .%a. Let 
y  E %* - 53, . I f  Q s+y _C $5 then, as in the preceeding paragraph, we would 
have &jjn: = eV and y  E B,, which is not the case. Thus there exists HE 5 
with HG E 8,+, . Since HG fixes x + y  we have clearly HG(x) = y. This 
says that y  belongs to the orbit of G(r) under the action of 5 on ‘23, . Hence 
) SG(x)l > 1 S3, - $1 > 8 j S2# 1. 
Since & acts half-transitively, all orbit sizes divide 1 !I.&# I. Hence 5 and 
5/R, act transitively on D,#. Similarly 5j/5$ is transitive on %r#. 
LEMMA 3.2. If& = Sz, = {I} then 0 C GL(4, 3) and 
Q=gp(B,B,C~A8=1,B2=l,C2=l,C-1BC=A,B-1AB=A,B-1AB=A3,B-1CB = CAr). 
Proof. Let x E FJ3,#. Since $ is a solvable transitive linear group on D3, we 
see by Lemma 2.4 that either 6, = 4j, is cyclic or 1 @5x 1 = 6. Hence in 
either case 8, has at most one subgroup of index 2. Let G, be the unique 
subgroup of && of index 2 if it exists and otherwise i5-, = &. Let y  E &#. 
Then clearly &jz n @& = 5 n 8e+u and [(ljzi+y ; 5 n Q,+,] < 2. Hence 
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6, c %‘y . As y varies we see that GZ centralizes 3s and hence 6, = (I) since 
&a = (1). Thus 1 @jT ) = 2. Since 8 acts half-transitively, we have, for all 
v E w, ! 5, 1 = 2. 
We eliminate the possibility q = 2 now. If q = 2, then clearly any Sylow 
2-subgroup of oj has a common nonzero fixed point. This implies that the 
Sylow 2-subgroups of 8 have order 2. Now Ex C $5 implies 2 ( / $r ) and 
[ 6 : $ ] = 2 so that 4 1 j 8 !, a contradiction. Hence q > 2 and we can apply 
Lemma 6 of [3]. 
Since -Fj is transitive, both $ and F(b) act half-transitively and Lemma 2.2 
holds. We consider the possibilities that occur there in turn. Suppose first 
that §j has a characteristic self-centralizing cyclic subgroup 8. Since -5 is 
transitive we see as in the proof of Theorem I that % acts irreducibly on 
each %Jzsi . Hence by Lemma 1.1, 5j,/2l is cyclic. If xi E !B,“, then @ZI+cP2 is a 
group of order 2 not contained in .& We show that &?/%I is the direct product 
of a cyclic group by a group of order 2. Note that X415 since % is characteristic 
in 5. If % is self-centralizing in Q then Qj?I is Abelian. Since $/a is cyclic and 
there exists an element of order 2 not in 5, the result foliows. On the other 
hand, if ‘u is not self centralizing, then C(‘u) n 3 = X so 6 = $C(a) and 
61% E s/‘lr x C(X)/%. Thus the result follows. 
Let 6 be the complete inverse image in Q of the subgroup of type (2,2) in 
Q/B and set 5 = 6 n .sj. Since all @ix have order 2 we have 8, c 6 and 
hence 6 acts half-transitively. Clearly the representation of 6 is induced 
from that of 5. Note that Theorem I of [3] implies that 6 is irreducible. 
Hence, by Lemma 3.1, $r acts transitively on B~#. Since for x E %r++, 1 5, ) == 2 
and 1 5 / = 2 ! % / we see that ?I acts transitively on both %,# and ‘%a# and 
( % ( = q”’ - 1 where m = 7zj2. Nom 1 .sj, 1 =: 2 so / s 1 == 2(qWZ - 1) and 
therefore 5 == 5 and 8 = 6. Thus @/‘$I is Abelian of type (2,2) and 
/ % / = g”” - 1. Note that since q > 2, 1 ‘u 1 is even and hence 8 has a 
nonidentity central involution. 
TiS;rite @5 = ‘11 U 2lB U 2lC U ‘UD where $j = % U 12IB. Suppose BIB 
contains b involutions, o,IC contains c involutions and %D contains d. By 
Lemma 6 of [3] applied to 3, we have M = 2k and b = qk + 1. By that same 
lemma applied to (5, we have 
i*j b + c + d = q= + 1, 
b =q”+ 1. 
If c 10 then we can assume c” = 1. If A E % then (,-2C)s = 1 if and only 
if C-lAC = 8-l. Set E = (A E ‘21 / C-IdC = krj. Then @ is a subgroup 
of ‘u and thus 1 E j 1 / 2I j. Hence if c f 0 then c 1 qZk - 1. Similarly, if 
d # 0 then d ( gzx’ - 1. 
If c = 0 then (+) yields d = qk(qk - 1) f 0 so d j qZk - I, a contradiction. 
Hence c # 0 and similarly d f 0. Clearly c f q”i - 1 and the same for d. 
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I f  we have both c, d < $(q2k - 1) then (*) yields 3 > q*, a contradiction. 
Hence say d > +(qzk - 1). Then we must have d = i(qzk - 1) and (*) 
yields c = &(q” - 1)“. Since c 1 q2” - 1 we get easily q” = 3 or 5. 
If  qk = 3 then ! ‘?l ( = 8, b = 4, c = 2, d = 4. If  % were self-centralizing 
in Q then Q/S would act faithfully on it and since s/a is Abelian of type (2, 2) 
some element would act in a dihedral manner on ?I. The coset corresponding 
to this element would then contain either 0 or 8 involutions which is not the 
case. Thus C(?l) > Yl. Since c = 2 we see that C E C(X). Set % = (A) so 
that A* = 1, Cs = 1, CIAC = A. Since I, = 4 we have clearly 
B” = 1, B-IAB = A3 and B-X’B = C or CA4. I f  B-1CB = C then 
both C and A4 would be central elements of order 2 in irreducible linear 
group 6. Since this cannot occur, B-TB = CA4. This is the first type (iii) 
group in Theorem II of [3]. 
Returning to the general situation for a moment, we show that 6 has no 
Abelian subgroup of type (2,2) disjoint from Z(e) and not contained in 5. 
Suppose by way of contradiction that %B = (K, L) is such a group. Since 
193 n 5 1 = 2 we can assume that K E &. Then L acts on the space 
(1 + K)% -I- (1 + KN2, which is the space of fixed points of K. Now L 
cannot act like - 1 on this space since otherwise LBi n !-I$ f  0, which is not 
the case. Thus L has a nonzero fixed point x in this space and eZ 2 (K, L), a 
contradiction. 
Now let qk = 5. Then / % 1 = 24, b = 6, c = 8, d = 12. Let B = (4). 
From d = 12 we see easily that D-IA0 = All and from c = 8, C-IAC = A?. 
Hence B-IAB = A5. Now we can assume B’ = Ca = 1. Then (B, C) is 
dihedral and hence (B, C)s = (B, C)-l and (B, C)c = (B, C)-I. Since 
(B, C) E 2t this yields (B, C) = 1 or Al?. I f  (B, C) = A12 then with C, = A3C 
we have Cl2 = 1 and (B, C,) = 1. Hence we can assume (B, C) = 1 and 
this violates the result of the preceeding paragraph. Thus the case of $ 
having a characteristic self-centralizing cyclic subgroup is complete. 
Now we consider the remaining cases of Lemma 2.2. If  & is type (ii), then 
by Lemma 2.3, 5 C GL(2, 11) since 1 3, ] = 2. The remaining two groups 
are Jj C GL(2, 5) and sj Z GL(4, 3). I f  $ _C GL(2K, q), then since & is transitive 
and 1 J& 1 = 2 we have 15 j = 2(qzk - 1). By Lemma 6 of [3], 5 has 
qk + 1 noncentral involutions and 6 has q2” + 1 noncentral involutions. If  
G is an involution of 0 - $, then G acts on 9 in such a way that 
1 (HE 5 1 HG = H-l} / = q2” - qk and G fixes no noncentral involution 
of 8. We study each of these cases below. For convenience let 
9 = {HE 5 1 HG = H-l). Note that in the above 5 is transitive and 
O,(s) f- (11. Thus O,(5) either acts irreducibly or fixed-point-free. In 
either case it has a cyclic center and thus Q has a nontrivial centraI involution. 
Suppose either 5 _C GL(2, 5) or .$r C GL(4, 3). Then 3 has a normal Sylow 
2-subgroup !D and [$j : a] = p for suitable prime p # 2. Since W $ D by 
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size considerations we see there exists WE B of order p with G-l WG = MI-l. 
Let 3 be the center of D. Then dihedral group (G, W> acts on 913 and 
since W acts faithfully and irreducibly it follows that (6, W> acts faithfully. 
Note that ‘D/3 is elementary Abelian of order 2”’ for suitable integer j. Now 
any two involutions of (G, IV) are conjugate and any two generate the group. 
This implies that each involution and, in particular, WG centralizes a subspace 
of %,i3 of size at most 2’. Now let D E 2, and suppose (DW)o = (DbVjp. 
This yields easily DuiG 3 D modulo 3. Let 5 C GL(4, 3). Then 
1 3 \ = 2, j = 2 and p = 5. There are at most eight choices of D with 
(DW)G - (DW)-I. Similarly, for i f  5, there are at most eight D with 
(DWi)G = (DWi)-1. This yields / B - 3 1 < 4=8 = 32. Since ) 99 D 3 ( < 32 
we have / W 1 < 64, contradicting ( W 1 = 72. Now let 5 C GL(2, 5). Then 
j31=4~j=landp=3.Mi’eseeeasilythat~==3awhere3=(Z)is 
cyclic of order 4 and D. is the quaternion group of order 8 with j D n 3 i = 2. 
Note that a is the subgroup of % generated by all noncentral elements of 
order 4 and hence a is characteristic in 3. It follows that (:G, W> acts 
faithfully on D and we see easily that for some X E Q of order 4 we have 
Xc = X-l. Now either ZG = Z or ZG = Z-l. I f  ZG = Z-l then we have 
(XZ)B = 1 and (XZ)G == (XZ), a contradiction. Kence ZG = Z and we 
cannot have D = Z or Z-l in (DW)G = (DWj-l. Thus there are at most 
six D with (DW)G = (D W-1 and hence j 9 - 3 / < 2.6 = 12. Thus 
since j W ] = 25 we have 1 W n D j 3 8. Since ZG = Z and G fixes no 
noncentral involution of 9 we have clearly W n D C Q and thus 2 n D = Q 
Thus U has an automorphism sending each element to its inverse, a contra- 
diction. 
Finally let !$j C GL(2, 11). Then 5 = 5, x 3 where 3 is central and cyclic 
of order 5 and j $r 1 = 48. Thus 5jr is characteristic in a. Let 3 = <Z}. 
Since / 9? j = 115 we see easily that ZG = Z-l, and / 9 n 5, / = 115/S = 22. 
Now O,($r) = .Q is quaternion of order 8 and &,/a is a nonabelian group 
of order 6. Clearly G acts on fir/U and there are two possibilities. Suppose 
first G acts nontrivially on this quotient. Then G fixes precisely one subgroup 
of order 2 and G sends the elements of order 3 to their inverses. Let 6 be the 
Sylow 2-subgroup of -$5r corresponding to the subgroup of .&/a of order 2 
fixed by G. Then every 2 element of 9r = 9 n & is contained in G. Since 
! G / = 16 we have g1 $6. Thus there is an element Wof $& of order 3 with 
7’ = W-l. Now every element of .sj, of order divisible by 3 is contained in 
(U, IV). As in the preceeding paragraph we see that there are at most 4 
possible D E ZJ with (DW)G = (DW)-1. Hence / 99, - 6 [ < 2.4 = 8, and 
therefore I 9%?r n 6 1 > 14. Now G contains four of the twelve noncentral 
involutions of g1 and these are not contained in B1 n 6. This is a contra- 
diction since / 6 i = 16. Now let G act triviahy on $,/a. This implies that 
every element of W, = 9 n & is a 2-element. Now $r contains 32 2-elements, 
302 PASSMAN 
/ 9?r 1 = 22 and 9?r does not contain the 12 noncentral involutions of 3, . Since 
22 + 12 > 32 we have a contradiction. This completes the proof of the lemma. 
PROPOSITION 3.3. Let 6 be a solvable ifyeducible linear group of degree n 
over GF(q). Suppose 0 acts half-transitively but not $xed point free. If either 
(i) 8 has a normal self-centralizing cyclic subgroup ‘% or 
(ii) F(6) = a x B where 12 is the quaternion group of order s, b is cyclic 
of odd order, and % = Z(F(G)), 
then all th.e irreducible constituents of o_[ are similar. 
Proof. Suppose that X has s > 1 nonsimilar irreducible constituents. If 
B is the space acted on by 6, then 9 = %I i -0. i %s where all the irredu- 
cible constituents of $21 on %J are similar. Now 8 permutes the Q . Let 5, be 
the subgroup of 6 normalizing !?J . Then the $ are all conjugate in 6 and 
[6 : &] = s. Clearly 5% 2 C(s). Since ‘u is normal and cyclic, C(‘u)d6 and 
S/C(%) is Abelian. Hence the & are normal and they are all equal. Clearly the 
representation of 8 is induced from that of $r on %$. Since 6/.$, is Abelian 
we can find 5 with $A@, 8 > & 2 5, and [6 : $1 = Y for some prime r. 
Again the representation of 6 is induced from one of 8. Lemma 3.1 applies 
and we have Y = 2 and $/Ri acts transitively. 
Suppose Ri f {l>. Let 6 be type (i) b a ove. Since %A$, &A$, and % is 
self-centralizing, we have Rii n ?I f (1). But by definition Ri n ‘u has a 
nonzero fixed point, while clearly 9I must act fixed-point-free. So .R( = (1) in 
this case. Now let 6 be type (ii). Here & 1 C(a) 5 F(Q) so F(5) = F(6). 
Since $ is solvable and $$A$, we have if fii f (1) that sZi n F(6) f {1 1. But 
by the nature of F(6) we see that this group acts fixed-point-free, again a 
contradiction. Thus Ri = (1) and Lemma 3.2 applies. 
Thus Q is a certain group of order 32. Clearly 6 is not type (ii) since in 
that case O,( 6) has order 8. We need only show that 8 has no self-centralizing 
cyclic subgroup. From the generators and relations for (Ei we see that Z(6) is 
cyclic of order 4 and 6/O(6) is Abelian of type (2, 2, 2). If 2l were self- 
centralizing we would have % > Z(0). Now @/a acts faithfully on ?I, and 
since (Z(O) 1 = 4, we see that no element can act in a dihedral manner. 
Hence E/X is cyclic and 6 has two generators. This violates 1 S/@(O)l = 23 
and the result follows. 
4. HALF-TRANSITIVE GROUPS 
We can now prove our main result. 
THEOREM II. Let i5 be a solvable group of automorphisms of group 23. 
Suppose that both 6 and F(6) act half-transitively on B#. Then either 6 acts 
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fixed-point-free or ‘Is is an elementary Abelian q-group of order 4% for some prrme 
q and with suitable identr..catiolz we have one of the following. 
(9 @ c w2”), 
(ii) q is a Fermat prime, n = 2 and 6 is a group of order 4(q - l), 
(iii) q* = 3”, Y, 7”, 112 or 3” and d C GL(n, q)= 
Proof Suppose (5 does not act fixed-point-free. Then by Theorem I of 
[3], % is elementary Abelian of order q* and 8 acts irreducibly. Thus Lemma 
2.2 applies. We need only consider 8 of type (i) or (ii) in that lemma. If 
% -= Z(F(@)) in the type (ii) groups, then by Proposition 3.3, all irreducible 
constituents of ‘u are similar. Hence Propositions 1.2 and 1.10 yield the results. 
Note that the group C5 of Theorem I with 8 Z. GL(2,23) acts frxed-point- 
free. 
As in [..?I we let 9’(qn) denote the group of all semilinear transformations 
x + acr(s) f  b of GF(q”). Then Theorem II has the following rather unsatis- 
factory corollary. 
COROLLARY 4.1. Let (5 be a solvable group and 5.R a minilnal normal sub- 
group. Let 3 % = F(B/%) with 6 2 5 2 ‘k Suppose that 6 is a &transitive 
permutation group such that the restriction to 5 is also ~-transitive. Then either 
6 is a Frobenius group or deg 8 = 1 % / = q” for some prime q and with 
suitable identzjication ‘we have one of the following. 
(i) 6 C Y(q”> 
(ii) q is a Fermat prime, n = 2 and Q/Y2 is a group of order 4(q - l), 
(iii) qn = Y, 5”, 7*, 11” or 3”. 
Proof. Let us assume that (5 is not a Frobenius group. Then by Theorem 
10.4 of [6], ~5 is primitive. Hence !J2 is transitive and, being Abehan, it is 
regular. Let 01 be a point in the set being permuted. Then by Theorem 11.2 
of [6J, E& is an automorphism group of 3% which acts half-transitively on 
%#. Since ‘9 is also a regular normal subgroup of 3 we see that ‘& also acts 
half-transitively on %#. Thus Theorem II applies to e5, . Also ~5~ cannot act 
fixed-point-free on CR since ($5 is not a Frobenius group. If  ~5~ _C T(qn) then, 
as Huppert has shown, by considering 92 as the group of translations, we get 
easily Q C Y(p”). Th e remaining cases carry over trivially. 
Finally we prove an amusing result related to some of the above and, in 
fact, applicable to the study of solvable transitive automorphism groups. The 
author would like to thank 6. Glauberman for suggesting the number- 
theoretic result used. 
PROPOSITION 4.2. Let 6 be a solvable linear group of degree n over GF(q). 
Let 9 = O,(6) d pp an su ose that either 3 is Abelian (including the possibility 
&/6/3-3 
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D = {I}) or Aut D is a 2-group. Let Q%(x) denote the cyclotomic polynomial of 
order n and suppose that Q%(q) [ 1 6 (. If we exclude the possibilities q = 2, n = 6, 
and q Merserzne, n = 2, then 6 C F(qn). 
Proof. By a result of Dickson [I], the above hypotheses imply that there 
exists a prime p such that p 1 Q%(q) but p 7 q” - 1 for all m < n. Since 
QJq) 1 1 8 1, there exists a cyclic subgroup 8 of 8 of order p. Note that since 
QJq) 1 q” - 1 we see that p + q. Since p +’ q” - 1 for 1% < fz we see that b 
is irreducible. If  p = 2 then n = 1 and the result follows. So we assume 
P # 2. 
We wish to show that p 1 ) F(6) 1. Suppose not. Since 6 is solvable, !B acts 
faithfully on 5 = F(6) and hence 8 acts faithfully on 5,. , some Sylow 
u-subgroup of 5. Note that since S is irreducible, 8 is irreducible and hence 
r # q. If  ;r = 2 then 3s = 2, and, since the possibility that Aut 3 is a 
2-group must be excluded here, we have 5s Abelian. Now a result of Shult 
(Corollary 3.2 of [4]) states that, in every ordinary irreducible representation 
of the group &.13, the generator of ?B has at least one eigenvalue equal to 1. 
This violates the fact that % acts faithfully and irreducibly. Hence p ( / F( 8) /. 
Now by Schur’s lemma, C(a) is cyclic and this must contain some element 
of order p-in Z(&J. Hence Is C Z(g,). Since 8 acts irreducibly, we see that 
3, is irreducible and henceZ(&J is cyclic. Thus bd6. Now clearly % = C(S) 
is a normal self-centralizing cyclic subgroup of 6 that is irreducible. Thus by 
Lemma 1.1, 8 2 F(q%) and the result follows. 
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